DETECTING ENTANGLEMENT OF STATES BY ENTRIES OF THEIR 

DENSITY MATRICES 



XIAOFEI QI AND JINCHUAN HOU 

Abstract. For any bipartite systems, a universal entanglement witness of rank-4 for pure 
states is obtained and a class of finite rank entanglement witnesses is constructed. In addition, 
a method of detecting entanglement of a state only by entries of its density matrix with respect 
to some product basis is obtained. 

1. Introduction 

Let H and K be separable complex Hilbert spaces. Recall that a quantum state is an 
operator p £ B{H®K) which is positive and has trace 1. Denote by S(H) the set of all states 
on H. If H and K are finite dimensional, p £ S(H K) is said to be separable if p can be 
written as 

k 
i=l 

where pi and ai are states on H and K respectively, and pi are positive numbers with Yli=i Pi = 
1. Otherwise, p is said to be inseparable or entangled (ref. [HQS]). For the case that at least 
one of H and K is of infinite dimension, by Werner [21], a state p acting on H K is called 
separable if it can be approximated in the trace norm by the states of the form 

n 

a = ^PiPi <8> au 
i=i 

where pi and o"j are states on H and K respectively, and pi are positive numbers with Y^7=i Pi = 
1. Otherwise, p is called an entangled state. 

Entanglement is a basic physical resource to realize various quantum information and quan- 
tum communication tasks such as quantum cryptography, teleportation, dense coding and key 
distribution |16j . It is very important but also difficult to determine whether or not a state 
in a composite system is separable or entangled. It is obvious that every separable state has 
a positive partial transpose (the PPT criterion). For 2x2 and 2x3 systems, that is, for the 
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case dimH = dim A" = 2 or dimH = 2, dim A" = 3, a state is separable if and only if it is 
a PPT state, that is, has positive partial transpose (see E]), but the PPT criterion has 
no efficiency for PPT entangled states appearing in the higher dimensional systems. In [3], 
the realignment criterion for separability in finite-dimensional systems was found, which says 
that if p G S(H g) A) is separable, then the trace norm of its realignment matrix p R is not 
greater than 1. The realignment criterion was generalized to infinite dimensional system by 
Guo and Hou in [BJ . A most general approach to characterize quantum entanglement is based 
on the notion of entanglement witnesses (see [7J). A self-adjoint operator W acting on H (g) A 
is said to be an entanglement witness (briefly, EW), if W is not positive and Tr (Wp) > 
holds for all separable states p. It was shown in [7J that, a state p is entangled if and only if 
it is detected by some entanglement witness W, that is, Tr(Wp) < 0. However, constructing 
entanglement witnesses is a hard task. There was a considerable effort in constructing and 
analyzing the structure of entanglement witnesses for finite and infinite dimensional systems 
[21 01 [£U [[51 [20] (see also [10] for a review) . Recently, Hou and Qi in p3] showed that every 
entangled state can be recognized by an entanglement witness W of the form W = cl + T 
with I the identity operator, c a nonnegative number and T a finite rank self-adjoint operator 
and provided a way how to construct them. 

Another important criterion for separability of states is the positive map criterion [7, The- 
orem 2], which claims that a state p G S(H®K) with dim H®K < oo is separable if and only 
if (<I> <S> I)p > holds for all positive linear maps <!> : B(H) — > B(K). Hou [13] generalized the 
positive map criterion to the infinite dimensional systems and obtained the following result. 

Finite rank elementary operator criterion. ( \13\ Theorem 4.5]) Let H , K be complex 
Hilbert spaces and p be a state acting on H®K . Then the following statements are equivalent. 

(1) p is separable; 

(2) (§®I)p > holds for every finite-rank positive elementary operator $ : B(H) — > B(K). 
Recall that a linear map $ : B(H) — > B(K) is an elementary operator if there are operators 

A lt A 2 , ■ ■ ■ , A r € B(H, K) and B u B 2 , ■ ■ ■ , B r G B{K, H) such that $(A) = J2l=i AiXB { for 
all X G B{H). It is known that an elementary operator $ is finite rank positive if and only 
if there exist finite rank operators C\, . . . , Ck,Di, ■ ■ ■ ,Di G B(H, K) such that (D\, • • • , Di) 
is a contractive local combination of (Ci, • • • , C^) and &(X) = J2i=i C{XCj — Y?j=i DjXD^ 
for all X G B{H) (ref. [13] and the references therein). 

Therefore, by the finite rank elementary operator criterion, a state p on H®K is entangled 
if and only if there exists a finite rank positive elementary operator $ : B(H) — > B(K) such 
that ($<%> I)p is not positive. Here $ must be not completely positive (briefly, NCP). Thus it 
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is also important and interesting to find as many as possible finite rank positive elementary 
operators that are NCP, and then, to apply them to detect the entanglement of states. In [18J, 
some new finite rank positive elementary operators were constructed and then applied to get 
some new entangled states that can not be detected by the PPT criterion and the realignment 
criterion. 

Due to the Choi-Jamiolkowski isomorphism, any EW on finite dimensional system H ® K 
corresponds to a linear positive map <3? : B(H) — > B{H). In fact, for system H ® K of any 
dimension, if : B(H) — > B{H) is a normal positive completely bounded linear map, and if 
po is an entangled state on H ®K, then W = (<3? (8> I)po is an entanglement witness whenever 
W is not positive (see lemma 2.1). Recall that a linear map A : B(H) -4 B(K) is said to 
be completely bounded if A (g) I is bounded; is said to be normal if it is weakly continuous 
on bounded sets, or equivalently, if it is ultra-weakly continuous (i.e., if {A a } is a bounded 
net and there is A £ B(H) such that (x\A a \y) converges to (x|^4|y) for any \x), \y) £ H, then 
(^\A(A a )\ip) converges to {</>\A(A)\ip} for any \<p),\tp} £ K. ref. pp.59]). 

The finite rank elementary operator criterion, together with lemma 2.1, gives a way of 
constructing finite rank entanglement witnesses from finite rank positive elementary operators 
for both finite and infinite dimensional bipartite systems. In the present paper, we construct 
a rank-4 entanglement witness W that has some what "universal" property for pure states 
in any bipartite systems H ® K. We show that, for such a rank-4 entanglement witness W, 
a pure state p is entangled if and only if there exist unitary operators U on H and V on 
K such that Ti({U ® V)W{U^ <g> V*)p) < 0. In addition, if p is a mixed state such that 
Tv((U V)W{U^ ® Vt)p) < 0, then p is 1-distillable (see theorem 2.2). We also construct a 
class of entanglement witnesses from the finite rank positive elementary operators obtained 
in [18] (see theorem 3.1). 

So far, by our knowledge, there is no methods of recognizing the entanglement of a state by 
merely the entries of its density matrix. Another interesting result of this paper gives a way 
of detecting the entanglement of a state in a bipartite system by only a part of entries of its 
density matrix (see theorems 3.2, 3.3). This method is simple, computable and practicable 
because it provide a way to recognize the entanglement of a state by some suitably chosen 
entries of its matrix representation with respect to some given product basis. As an illustra- 
tion, some new examples of entangled states that can be recognized by this way are proposed, 
which also provides some new entangled states that can not be detected by the PPT criterion 
and the realignment criterion (see examples 3.4, 3.5). 
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Recall that a bipartite state p is called n-distillable, if and only if maximally entangled 
bipartite pure states, e.g. \tp) = + |22')), can be created from n identical copies of 

the state p by means of local operations and classical communication; is called distillable if 
it is ra-distillable for some n. It has been shown that all entangled pure states are distillable. 
However it is a challenge to give an operational criterion of distillability for general mixed 
states [8]. In [9], it was shown that a density matrix p is distillable if and only if there are 
some projectors P, Q that map high dimensional spaces to two-dimensional ones such that 
the state (P <%> Q)p® n {P <S> Q) is entangled for some n copies. 

2. Universal entanglement witnesses for pure states 

In this section we will give a simple necessary and sufficient condition for separability of 
pure states in bipartite composite systems of any dimension. 

Before stating the main result in this section, we give a basic lemma. 

Lemma 2.1. Let H , K be complex Hilbert spaces of any dimension and let : B{H) — > 
B(H) be a positive normal completely bounded linear map. Then, for any entangled state po 
on H ®K, W = ($<8)I)po is an entanglement witness whenever W on H ®K is not positive. 

Proof. Because <!> is completely bounded, W = {§®I)pq is a bounded self-adjoint operator 
on H®K. Note that B{H) = T(H)*, where T{H) denotes the Banach space of all trace class 
operators on H endowed with the trace norm. Then the normality of implies that there 
exists a bounded linear map A : T{H) — > T(H) such that $ = A*. We claim that A is also 
positive. In fact, for any unit vector \<j)) G H and any positive operator A 6 B(H), we have 

Tr(AA(|0)<0|)) = Tr($(A)(|0}(^|)) = <0|$(A)|0> > 0. 

This implies that A(|^)(^|) is positive for any \(fi). So, A is a positive linear map. 
Now, for any separable state p £ S(H (g> K), we have 

Tv(Wp) = Tr(($ I)p ■ p) = Tr(p • (A ® I)p) > 

since (A ® I)p > 0. So, if W is not positive, then it is an entanglement witness. □ 
Since every elementary operator is normal and completely bounded, by Lemma 2.1, if $ 
is a positive elementary operator and if po is an entangled state, then W = (<& ® I)po 1S an 
entanglement witness whenever W is not positive. Also note that, if W is an entanglement 
witness, then for any positive number b, bW is an entanglement witness, too. 

Let W be an entanglement witness on H®K. We say that W is universal (for all states) if, 
for any entangled state p on H®K, there exist unitary operators U on H and V on K such that 
Tr{{U®V)W(U^(g)V^)p) < 0; W is universal for pure states if, for any entangled pure state p on 
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H®K, there exist unitary operators U on H and V on K such that Tr((f7 ®V) W(U^®V^)p) < 
0. 

The following is the main result of this section, which gives a universal entanglement witness 
of rank-4 for pure states. Particularly, we conclude that the separability of pure states can be 
determined by a special class of rank-4 witnesses, and every 1-distillable state can be detected 
by one of such rank-4 entanglement witnesses. However, we do not know whether or not there 
exists a universal entanglement witness for all states. 

Let U{H) (resp. U(K)) be the group of all unitary operators on H (resp. on K). 

Theorem 2.2. Let H and K be Hilbert spaces and let {\i)}^ H -°° and fl/)}^*- 00 be 
any orthonormal bases of H and K , respectively. Let 



W = |1)|2')<1|<2'| - |1)|1 / )(2|(2'| - |2)|2')<1|<1'| + |2)|1')<2|<1'|. (2.1) 

Then W is an entanglement witness of rank-4- Moreover, the following statements are true. 

(1) If p is a pure state, then p is separable if and only if 

Tr((U V)W{U ] ® V r )p) > (2.2) 

hold for all U G U{H) and V G U(K). So W is a universal entanglement witness for pure 
states. 

(2) Let p be a state. If there exist U G U{H) and V G U(K) such that Tr((£7 ® V)W(U* ® 
V^)p) < 0, then p is entangled and 1-distillable. 

Proof. We first prove that W is an entanglement witness. It is obvious that W is not 
positive. Define a map <I> : B(H) — > B(H) by 

$(A)= E 11 AE\ 1 +E 22 Ae1 2 + E 12 AE\ 2 

+E 21 AE\ l - (E u + E 22 )A(E U + E 22 )<< 

for every A G B(H), where E; L j = G B(H). It is obvious that $ is a positive map because 
the map 

-a 21 an 

I)P+, where p + = \if)+)(iJ) + \ with = 
^(|ll') + |22')). Thus, by Lemma 2.1, W is an entanglement witness. 

If p is separable, then Tr((U <g> V)W(U* ® V^)p) > as ® V^)p(U ® V) are separable. 
Conversely, assume that p = |Y>)(Y>| is inseparable. Consider its Schmidt decomposition 
W) = Ek=i S k\k,k'), where 5 1 > 5 2 > ■ ■ ■ > with Ek=i S k = X > i\ k )}k=i and iW)}k=i 
are orthonormal in H and K, respectively. As is inseparable, we must have its Schmidt 
number > 2. Thus p = Ylkt=i ^k^l\k, k')(l, l'\. Up to unitary equivalence, we may assume 



/ an 


ai2 








H 


\ 0,21 


a 22 




on M 2 (C) is positive. Note that 


W = 


2($ (8 
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that {\k)}l =l = {\i)¥ i=1 and {\k')}l =l = {\f)} 2 j=v Then Tv(Wp) = Tr(-<^ 2 |11')(11'| - 
5 1 5 2 \22')(22'\) = -25^2 < 0. Hence the statement (1) is true. 

For the statement (2), assume that there exist U G U{H) and V G U(K) such that Tr((£7 <S> 
V)W(U^ (g) V^)p) < 0. Then p is entangled. Moreover, p has a matrix representation 

P= Yl aijki\Ui)\Vj')(Uk\(Vl'\. 

i,j,k,l 

Thus, one gets 

> Tv((U ® V)W(W ® = Tr(W(Z7t W)p(i7 8) V)) 

= Tt(E uw ay«(|l>|2 , >(l|(2'| - |1>|1'}<2|<2'| - |2)|2')<1|<1'| + |2>|1')<2|<1'|) 

•(trt 8> i/t)|^)|y/)([/ fc |( W '|([/ g, ^)) 

= Tt(Ei^^(|l)|2')(l|(2'| - |1)|1')<2|<2'| - |2)|2')(1|(1'| + |2>|1')<2|(1'|) 

= —02211 — «1122- 

Now let P and Q be the projectors from H and K onto the two dimensional subspaces spanned 
by {|1), |2)} and |2')}, respectively. Then 

Tr(P ®Q){U® V)W{U ] ® V ] ){P ® Q)p(P Q)) = -a 22U - a ll22 < 0, 

which implies that (P <%> Q)p(P <S> Q) is entangled. It follows from [9] that p is 1-distillable. 
The proof is complete. □ 

3. Detecting entanglement of states by their entries 

In this section, we give a method of detecting entanglement of a state in any bipartite 
system only by some entries of its matrix representation. 

Let H and K be complex Hilbert spaces of any dimension with {\i)}f™ H and 
be orthonormal bases of them respectively. Denote Eij = E{j = which is an operator 

from H into H. Let n < minjdimff, dimii"} be a positive integer. By [181 Remark 5.2], for 
any permutation k of (1, 2, • • ■ , n), the linear map <I> K : 13(H) — > B(H) defined by 

n n n n 

$ K (A) = (n - 1) E a AE ii + E E iMi) AE Ui) ~ E E «) A (J2 E ^ ( 3A ) 

i=l i=l i=l i=l 

for every A £ B(H) is a positive elementary operator that is not completely positive if k ^ id. 
Then, for any unitary operators U and V on H, the map &k ,V defined by 

*% V (A) = (n - 1) E" =1 (^C/)^(y^[/)t + Z?=i(V E i Mi) U)A(VE iMi) Uy 

-(YltiV E iiU)A(Y;tiV E iiUy 
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for every A G B(H) is positive, too. Let p + = where 

|^ + ) = -^(|l)|l / ) + |2)|2') + --- + |n)|n')). 

Then, by Lemma 2.1, we get a class of entanglement witnesses of the form 

W U J = n(^y ® I)p + = (^ V (E l3 )). (3.3) 

Note that Wk' V is of finite rank because p + is. 

Particularly, for permutations tt, a of (1,2,- •• , n), if U and V are the unitary operators 
defined by U*\i) = \ir(i)), V\i) = \a{i)) for i = 1, 2, • • • n and U*\i) = \i), V\i) = \i) for i > n, 
then we have 

^(A) = d# V) = („-i) Er=i ^ Wl7rW ^: (i)!7rW (34) 

for every A. And correspondingly, we get entanglement witnesses of the concrete form 

WZ>° = W'iEij)), (3.5) 

where 

if 1 < i 7^ j < n, 

®K ,a { E a) = (n- 2)-E (7 ( 7r -i(i)) i(J ( 7r -i(j)) + -E' (J ( K -i 7r -i(i)) i(J ( K -i 7r -i(i)) (3.7) 
if 1 < i < n, and 

K' a ( E ij) = (3.8) 

if i > n or j > n. 

Thus we have proved the following result. 

Theorem 3.1. Let H and K be complex Hilbert spaces of any dimension with {\i)}f™ H ~°° 
and {\f)}^^ K ~°° be orthonormal bases of them respectively. For any positive integer 2 < n < 
minjdim H, dim K} and any permutations K,ir,a of (1,2, • • • , n) with k / id, the finite rank 
operator WZ'° defined by 

Wr = (n - 2) £?=i {an- 1 (i) , i') {a^ l {i),i' \ 

+ E?=ik«" 1 T" 1 (*).*')^»" 1 T" 1 (*)»»'l 

-El^nl^-HO.i'X^W.j'l 

is an entanglement witness. 
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Assume that dimH = dimi^T = n. By applying the witnesses WZ ,a in Theorem 3.1, we 
get a method of detecting the entanglement of states by the entries of their density matrix. 
Write the product basis of H (g> K in the order 

{| ei > = lea) = |2)|1'), ■ ■ ■ , K) = |n)|l'), \e n+l ) = \1)\2'), 

■■■ , |e„2_i) = |(n - 1))K), |e„ 2 ) = |n)|n')}. 

Then every state p G ® if) has a matrix representation p = (aki) n 2 xn 2. 

Theorem 3.2. Let p G ® K) dimi7 = dim if = n < oo be a state with the 

matrix representation p = (a k i) n 2 xn 2 with respect to the product basis in Eq.(3.9). If there 
exist distinguished positive integers (i — l)n < hi, hi < in, i = 1, 2, • • • , n such that 

n n ^ 

Y J h = Y J h i = -n(n 2 + l), (3.10) 
i=i i=i 

and 

n n 

(n-2)^a kiki +^a hihi - ^ a kikj < 0, (3.11) 

i=l i=l 

then p is entangled. 

Proof. Eq.(3.10) implies that, there exist permutations tt\ and o\ such that (ki,k% — 
n, • • • ,k n — (n — l)n) = 7Ti(l, 2, ■ ■ ■ , n) and (hi, hi — n, ■ ■ ■ ,h n — (n — l)n) = <Ji(l, 2, ■ ■ ■ , n). 
It is clear that iri(i) / o-\(i) as ki / /i« for every % = 1, 2, • • • , n. 

For any permutations k, 7r and a, by Theorem 3.1, we have 

Tt(Wk ' U p) = (n-2) YJi=l a a(TT- 1 (i))+(i-l)n,<T(TT- 1 (i))+(i-l)n 

+ Yh=1 a <T(K- 1 7r- 1 (i))+(*-l)™^(K" 1 ^" 1 C0) + (*-l)™ (3.12) 

En 
i^j " ( 7(7r-l(i))+(i-l)n, CT (7r-i(j))+(i-l)n- 

Comparing Eq.(3.11) with Eq.(3.12), we have to find permutations k, tt and a so that 

ir 1 (i) = o-(iT- 1 (i)) and ai(i) = ain- 1 ^' 1 ^)) (3.13) 

for each i, that is, tx\ = air' 1 and o\ = o"K _1 7r _1 . Take tt = id. Then we get a = tt\ and 
<7i = (jft -1 = 7Tik _1 . Thus, k = a^ 1 ni, tt = id and a = tt\ satisfy Eq.(3.13). With such k, tt 
and a, by Eqs.(3.11) and (3.12), we have 

n n 

Tr(WZ>°p) = (n-2)J2<Xk iki +J2 a ^- E °- 

i=l i=l l<i^3<n 

Hence, p is entangled with WH ' a an entanglement witness for it. □ 
The general version of Theorem 3.2 is the following result, which is applicable for bipartite 
systems of any dimension. 
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Theorem 3.3. Let H and K be complex Hilbert spaces with {1^)}^™^"°° and {| j')}^™ 1 ^- 00 
be orthonormal bases of them respectively. Assume that p is a state on H <g> K and n < 
min{dim H, dim K} is a positive integer. If there exist permutations it and a of (1,2, • • • , n) 
with ir(i) ^ o(i) for any i = 1,2,--- , n such that 



[n 



2)Y,^ii)^W(i),i')+Y,^^\P\ a ^^- E (^')^"|pk(i),/)<0, (3.14) 

i=l i=l l<«7^i<^ 

then p is entangled. 

The idea of the proof of Theorem 3.3 is the same as that of Theorem 3.2 and we omit it 
here. 

Theorems 3.2 and 3.3 tell us, some times we can detect the entanglement of a state by 
suitably chosen n 2 + n entries of its matrix representation with respect to some product basis, 
where n < minjdim//, dim if}. 

To illustrate how to use Theorem 3.2 and Theorem 3.3 to detect entanglement of a state, 
we give some examples. 

Example 3.4. Let qi,q 2 ,q 3 be nonnegative numbers with qi+q 2 + q3 = 1 and let a, b, c G C 
with |a| 2 < q 2 qs, \b\ 2 < 52935 | c | 2 < q 2 q 3 . Let p be a state of 3 x 3 system with matrix 
representation 

( gi qi qi \ 
0<? 3 a000000 
a q 2 000000 
000 q 2 06000 

qi qi qi ■ (3.15) 
00060 q 3 000 
000000 q 3 c 
000000c q 2 
\ qi qi qi / 
Note that, p in Eq.(3.15) is a new kind of states, and p degenerates to the state as that in 
[TBI Example 3.3] when a = b = c = 0. 

We claim that, if q 2 < qi or q$ < qi, then p is entangled. 

In fact, choosing (ki,k 2 ,k 3 ) = (1,5,9), (hi,h 2 ,h 3 ) = (3,4,8) or (2,6,7), we have 
3 3 



1 

P= 3 



i=i 



i=i 



l<i^J<3 



i(3gi + 3q 2 - 6gi) = q 2 - qi 



or 



3 3 ^ 



i=l 



i=l 
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By Theorem 3.2, we see that p is entangled if qi < 9i or q$ < q\. 

It is clear that the partial transpose of p in Eq.(3.15) with respect to the first subsystem is 

/%i00000000\ 
0<7 3 agi 00000 
0a<? 2 000 gi00 
0<7i0<? 2 06000 
0000 qi 0000 
000 60g 3 0gi0 
00 qi 000 q 3 c 
00000 q x c q 2 
\00000000 gi/ 



Particularly, if we take q± 



92 - Jo, 93 



and a = b 



c = 20' then, by what proved 



above, we see that p is PPT entangled because its partial transpose has eigenvalues 

1 r- - 1111111 

{ — (8±V61), } 

that are all positive. 

Example 3.5. Let p be a state in 4 x 4 systems with the matrix 

/ 



P= 4 
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(3.16) 
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where qi > with Yli=iQi = 1> l a l 2 ; H 2 > l c l 2 an d I^P are an — Q3li- P defined by Eq.(3.16) 
is also a new example, and when a = b = c = d = we get states in |X8|, Example 4.4]. 

We claim that, if qi < q\ for some i S {2, 3, 4}; or if < q2 for some i £ {1, 3, 4}, then p is 
entangled. 

In fact, we can take 

(fcl, fe, *3, *4) = (1, 6, 11, 16) and (hi, h 2 , h 3 , h*) = (2, 7, 12, 13), 

or 

(k 1 ,k 2 ,h,k 4 ) = (1,6, 11,16) and /i 2 , fr 3 , M = (3, 8, 9, 14), 

or 

iki,k 2 ,k 3 ,k^) = (1,6, 11, 16) and (/ti, /t2, /t3, ^4) = (4, 5, 10, 15), 

or 

(fa,k 2 , k 3 ,k4) = (4,5, 10, 15) and (ht,h 2 , ^3,^4) = (1, 6, 11, 16), 

or 

(k 1 ,k 2 ,k 3 ,k 4 ) = (4,5,10,15) and (hxMMM) = (2, 7, 12, 13), 

or 

{k^k-zMM) = (4,5,10,15) and {h x , h 2 , h 3 , h 4 ) = (3,8,9,14). 
Then, it follows from the first three choices that 

4 4 

2 " fc A + S ~ X] ^3 = ^ ~ ^ 

i=l i=l l<«^j<3 

with i = 2,3, 4. Hence, by Theorem 3.2 we see that p is entangled if there exists some 
i G {2, 3, 4} such that qi < q±. Similarly, by the last three choices one sees that p is entangled 
if there exists some i £ {1, 3, 4} such that qi < q 2 . 

The kind of states in Eq.(3.16) allow us give some new examples of entangled states that 
can not be recognized by PPT criterion and the realignment criterion. It is obvious that the 
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partial transpose of p in Eq.(3.16) with respect to the first subsystem is 
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If we take <7i = <?2 = <?3 = 94 = 55 and a = b = c = d = p is PPT entangled because 
qi < q2 and its partial transpose p Tl has eigenvalues 

{0.0054, 0.0054, 0.0069, 0.0069, 0.0223, 0.0223, 0.0235, 0.0235, 
0.0821, 0.0821, 0.1027, 0.1027, 0.1212, 0.1212, 0.1359, 0.1359} 

that are all positive. Moreover, the trace norm of the realignment p R of p is Hp^Hi = 0.8303 < 
1. Hence, we get another example of entangled states that is PPT and cannot be detected by 
the realignment criterion. 

It is not difficult to give some examples of applying Theorem 3.3 to infinite dimensional 
systems based on examples 3.4 and 3.5. 

4. Conclusions 

Let H and K be Hilbert spaces and let {1^)}^™^"°° and {1/)}^™^""°° be any orthonormal 
bases of H and K, respectively. By the finite rank elementary operator criterion [13J . a state 
p on H <S> K is entangled if and only if there exists a finite rank positive elementary operator 
<3? : 13(H) — > B(K) that is not completely positive such that (<J> <g) I)p is not positive. By this 
criterion and the finite rank positive elementary operators constructed in |18j . we construct a 
collection of finite rank entanglement witnesses. 

By using these witnesses we obtain a rank-4 entanglement witness W = |1)|2')(1|(2'| — 
|1)|1 / )(2|(2 / | - |2)|2')(1|(1 / | + |2)|1')(2|(1 / | which is universal for pure states, that is, for a pure 
state p, p is separable if and only if Tr((U (£>V)W (W <g> V^) p) > holds for all unitary operators 
U on H and V on K. In addition, for a mixed state p, if there exist unitary operators Uq on H 
and Vb on K such that Ti({Uq ® Vq)W(Uq <g> Vq )p) < 0, then p is entangled and 1-distillable. 

Another interesting result, maybe for the first time, gives a way of detecting the entangle- 
ment of a state in H (g> K by only a part entries of its density matrix. This method is simple, 
computable and practicable. Assume that p is a state on H ® K and n < minjdim H, dim K} 
is a positive integer. If there exist permutations ir and a of (1,2, • • • ,n) with tt(i) ^ a(i) for 
any i = 1, 2, • • • , n such that 

n n 

(n-2)^Mi),i'|p|vr(,),^) + E^«' i >l^)' i/ )- E M0/Ht(j),/> <0, 

i=l i=l l<*7^j<™ 

then p is entangled. Thus we provide a way of detecting the entanglement of a state by finite 
suitably chosen entries of its matrix representation with respect to some product basis. As 
an illustration how to use this method, some new examples of entangled states that can be 
recognized by this way are proposed, which also provides some new entangled states that can 
not be detected by the PPT criterion and the realignment criterion. 
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